To develop a unitary quantum theory with probabilistic description for pseudoHermitian systems one needs to consider the theories in a different Hilbert space endowed with a positive definite metric operator. There are different approaches to find such metric operators. We compare the different approaches of calculating positive definite metric operators in pseudo-Hermitian theories with the help of several explicit examples in non-relativistic as well as in relativistic situations. Exceptional points and spontaneous symmetry breaking are also discussed in these models.
I. INTRODUCTION
Over the last decade complex extension of quantum mechanics has generated huge excitement [1, 2] . It has been shown that certain categories of non-Hermitian operators can lead to fully consistent quantum theory with unitary time evolution if the associated Hilbert space is equipped with appropriate positive definite inner product rule. Development took place mainly in two directions. Bender et. al. have shown that certain non-Hermitian systems which are invariant under combined parity (P) and time reversal (T) transformation give rise to entire real spectrum [3] . Fully consistent quantum theory with unitary time evolution [4] for such systems is achieved by introducing CPT-inner product [5] for such systems. Operator C analogous to charge conjugation symmetry is associated with all PT-symmetric non-Hermitian systems. Many examples of physical systems in this category have been investigated in details [6] - [29] . Consequences of spontaneous breakdown of PT-symmetry have recently been observed experimentally in optics [30] - [33] .
Another class of non-Hermitian systems where the Hamiltonian H is related to its adjoint through a similarity transformation [2] ,
have also been studied extensively [34] [35] [36] [37] [38] [39] [40] . The adjoint H † is defined with respect to the Hilbert spaceH equipped with the inner product
These pseudo-Hermitian systems are shown to reduce to PT-symmetric non-Hermitian systems when S = P . In such pseudo-Hermitian systems the energy eigenvalues are either real or appear in the complex conjugate pairs [29, 34, 36] . However the eigen 
The adjoint with respect to the above inner product is defined as,
which implies that the adjoint with respect to this modified inner product in Eq. (3) is 
However still we have a problem in developing probabilistic quantum theory with a pseudoHermitian theory, as even this modified inner product too may or may not lead to positive definite norms for the state vectors for the pseudo-Hermitian system. In order to overcome this problem one further needs to modify the Hilbert space with an inner product in which pseudo-Hermitian theories are self adjoint and the norms of the state vectors are positive definite. This can be achieved by constructing a new Hilbert space with a positive definite metric operatorS. The construction of positive definite metric operator in pseudoHermitian theories includes that of CPT-operator [5] as a special case for PT-symmetric non-Hermitian theories.
[ * ] We would like to point out that one does not require to construct positive definite inner product in the effective description of non-Hermitian theories. In particular, non-Hermitian theories which are considered in optics [30] - [33] are effective theories and hence standard metric is used instead of positive definite metric.
There are several approaches to construct positive definite metric operatorS [2, 41] .
The purpose of this work is to compare the different approaches with explicit calculation in different pseudo-Hermitian theories. We mainly focus on the spectral approach [34, 35] and on the approach developed by Das [41] . By considering three explicit examples both in non-relativistic as well as relativistic quantum mechanics we verify that both the method lead to the same metric operator, modulo an overall constant in one of the examples. It is interesting to note that the spectral method is much simpler and elegant compare to the other approaches when the Hamiltonian is diagonalizable. However, spectral method fails when the Hamiltonian is non-diagonalizable. On the contrary Das's method as shown in [41] can be used perturbatively to calculate the positive definite metric operator even when the non-Hermitian Hamiltonian is non-diagonalizable. We further discuss the occurrence of exceptional points and spontaneous symmetry breaking in these models.
The plan of the paper is as follows. We describe briefly the different approaches to construct the positive definite metric operator in Sec. II. In section III we compare the metric operators constructed in both the approaches for various models. Applicability of positive definite metric operators in non-Hermitian quantum theories is discussed in Sec.
IV. Section V is kept for concluding remarks.
II. DIFFERENT APPROACHES TO CALCULATE METRIC OPERATOR
The construction of the positive definite metric operator is the central problem in pseudo-Hermitian quantum mechanics. There are various methods of systematic construction of positive definite metric operator. In this section we briefly outline those methods. We restrict our discussion to two the most commonly used methods namely the spectral method [2, 34, 35] and the method constructed by Das et al [41] . 
where q = SA for a S-pseudo-Hermitian theory. The adjoint with respect to this new inner-product is then defined as
Since the Hamiltonian is now self-adjoint with respect to this newly defined inner product, time evolution would continue to be unitary.
The arbitrary operator A which commutes with Hamiltonian has been expressed in terms of projection operator in the energy space P E which projects ψ E to those states with positive definite norms [41] as,
with
Now it is straight forward to see that A satisfies the relation
inner product with respect to q operator can then be written as [41] ,
Therefore, if c E = e iF (E) , is chosen then
Thus one can have a positive definite inner product that allows for a probabilistic description with unitary time evolution. Now the positive definite metric q can further be written as,
expressed as,
Which further leads to the explicit form of q [41] ,
The q 0 is given as ψ | φ = ψ | q 0 | ψ = 1. This method looks complicated but does lead to positive definite inner product with unitary time evolution in non-Hermitian quantum mechanics. Moreover, this method can be used for a perturbative construction of positive definite inner product even when H is non-diagonalizable. In that situation the pseudoHermitian Hamiltonian is written in the form
where H 0 is the part of the pseudo-Hermitian Hamiltonian H which can be diagonalized.
Unperturbed positive definite metric operator q 0 is calculated for the Hamiltonian H 0 then ǫV (x) is treated perturbatively to calculate the correction in q 0 . The positive definite metric operator is then calculated as an infinite power series in the coupling ǫ. For detail calculation of q we refer to the Das's work [41] .
B. Construction of positive definite metric operator η by spectral method
Spectral method introduced by Mostafazadeh [2, 34, 35] is one of the simplest and straightforward methods to construct the positive definite η. This method is based on the spectral representation of the metric operator. For a Hamiltonian operator the eigenstates of a pseudo-Hermitian system do not satisfy orthonormality and completeness relations.
Rather they follows bi-orthonormality condition, | φ n ψ m |= δ mn and the completeness condition n | ψ n φ n |= 1 where, H | ψ n = E | ψ n and H † | φ n = E | φ n . In this spectral method the positive definite metric operator is calculated in a simple and elegant manner [34, 35] as,
One can have a fully consistent quantum theory with pseudo-Hermitian Hamiltonian with the introduction of modified inner product with such a positive definite η. This method works fine as long as the Hamiltonian is diagonalizable.
III. CALCULATION OF THE POSITIVE INNER PRODUCT IN DIFFERENT SYSTEMS
In this section we consider explicit examples to calculate positive definite metric operator using both the methods discussed in previous section to make a comparison between them. In the first example we consider a spin 1/2 system in the external magnetic field coupled to a simple Harmonic oscillator through pseudo-Hermitian interaction. Next we consider a general two level non-Hermitian system. Finally a pseudo-Hermitian scalar interaction in relativistic quantum mechanics is studied for comparison. It is possible to develop a fully consistent quantum theories with these non-Hermitian systems.
A. System of spin 1/2 particle in an external magnetic field A system of spin 1/2 particles in the external magnetic field B coupled to an simple harmonic oscillator with frequency ω through the pseudo-Hermitian interaction [39] can be described by the Hamiltonian,
Here σ's are Pauli spin matrices, ρ is some arbitrary real parameter, σ ± = 1/2(σ x ± iσ y )
are spin projection operators. a, a † are usual creation and annihilation operators for the simple Harmonic oscillator states.
represents the eigenvectors for simple Harmonic oscillator. Without losing any essential feature of the system we can choose the external magnetic field along z-direction, the
Hamiltonian will then change to,
It can be checked that this system is non-Hermitian (H = H † ). However it is pseudoHermitian with respect to operator P and σ z i.e., H † = P HP −1 and
z . One can check the ground state of the system in | 0, −1/2 with energy eigenvalue = −ε/2
Here we have applied the notation | n, 1 2 m S , n is the eigenvalue for the number operator m S . The mechanism of σ ± satisfying the following properties,
However | 0, 1/2 is not a eigen state of this system but | 0, 1/2 along with
creates an invariant subspace in the space of states as,
A general invariant subspace is consist of | n, 1/2 and | n + 1, −1/2 and the Hamiltonian matrix corresponds to this invariant subspace is,
The eigenvalues of the Hamiltonian matrix are given by
These eigenvalues are real provided (hω − ε) ≥ 2ρ √ n + 1 and the normalized eigenstates in this regime are,
where θ n+1 is defined as (hω − ε) sin θ n+1 = 2ρ √ n + 1 to ensure the real eigenvalues. But when the strength of the non-Hermitian interaction is such that ρ >h
, the eigenvalues of the (n + 1)th doublet become complex conjugate to each other and are written as,
The corresponding unnormalized eigenstates are,
The eigenstates in Eq. (22) 
where S is the similarity matrix for the present system which satisfies H = S −1 H † S, to satisfy the condition ψ | φ = 1, | φ should be energies E + and E + can be calculated as
Therefore we get the inner product using Eq. (13) as,
This further can be written as
Now we calculate the inner product by spectral method. For that we need to consider Hermitian conjugate of the Hamiltonian,
The eigenvalues and eigenfunctions of H † n+1 are
We get the inner product using the Eq. (42) for this case,
which is exactly same as the metric operator [ q in Eq. (27)] obtained by Das's method.
An exceptional point occurs when θ n+1 = π 2 as eigenvalues (Eq. (23)) coalesce to real one and the corresponding eigenfunctions (Eq. (24)) for the (n + 1)th doublet become,
At the exceptional point det η = 0 and the Hamiltonian can not be diagonalized. Alternatively the system passes from a broken symmetry phase to unbroken symmetry phase as the strength of the non-Hermitian interaction is reduced to ρ <
.
B. 2 × 2 pseudo-Hermitian matrix Hamiltonian
We consider a general 2 × 2 PT-symmetric Hamiltonian [41, 42] of the form,
r, s, t, are real parameters. The energy eigenvalues of these system are given as,
In case of real eigenvalues we can define E as E ± = r cos θ ± Q, where Q = √ st − r 2 sin 2 θ = real. The normalized wave functions for the systems are,
On the other hand when st < r 2 sin 2 θ, the eigenvalues become complex conjugate pair,
whereQ = √ r 2 sin 2 θ − st = real. The corresponding eigenstates in this regime are [41] ,
Now we concentrate in the situation when energy eigenvalues are real. In this problem we identify S = S. By calculating projection vectors P E + , P E − and σ E + , σ E− we find the positive definite inner product,
In the spectral method we need the wavefunctions for H † which are calculated as,
This leads to the expression for η using equation (42),
which is same as q [in Eq. (40)] modulo a overall normalizing factor in this particular case.
For the specific values of r, s and t one encounters an exceptional point where st = r 2 sin 2 θ i.e,Q = 0. At this point two complex conjugate eigenvalues in Eq. (38) coalesce to E = r cos θ =Ē. The corresponding eigenstates in Eq. (39) also coalesce to one, modulo a overall normalizing factor,
At the exceptional point the system loose its completeness and the Hamiltonian can not be diagonalized as det η = 0. The condition st > r 2 sin 2 θ corresponds to the PT-unbroken phase of the system. On the other hand PT-symmetry is broken spontaneously when st < r 2 sin 2 θ. We have fully consistent quantum theory in the modified Hilbert space endowed with the positive definite metric η (Eq. (42)) when the system is in unbroken phase.
C. Pseudo-Hermitian Scalar Interaction
In all the previous examples we consider non-relativistic models. In this subsection we consider a relativistic model to arrive at the same conclusion. Let us consider a Dirac particle of mass m 0 subjected to a scalar pseudo Hermitian potential V s , the dynamics can be described by the Hamiltonian [40] ,
For the sake of simplicity we take only one space dimension and choose he scalar pseudo-
We solve the Dirac equation to find energy eigenvalues,
and the eigenfunctions as,
We identify S = 
So, we get the inner product as,
On the other hand using spectral method, we can obtain η by using Eq. (42) where,
are the eigenfunctions of
which leads to
which is exactly same as q obtained using the other method and given in the Eq. (47). In the first pseudo-Hermitian model we have considered a spin 1/2 particle in the external magnetic field B coupled to a simple harmonic oscillator which is commonly known as Jaynes-Cummings model and plays a very important role in quantum optics. It describes in a simple way the interaction of photons with spin half particle. This model has recently found an important application in quantum information theory where the positive definite metric operator constructed for this model plays a crucial role. The positive definite metric operator constructed for this model is extremely useful to discriminate two non-orthogonal entangled quantum states [17] . If a particular quantum system is described by two states, | ψ 1 and | ψ 2 which are non-orthogonal but differ very slightly,
i.e.
then it is not possible to determine the state of the system at a instant of time with a few measurements as | ψ 1 and | ψ 2 differ very slightly. This problem of quantum state discrimination is very important in quantum information theory [43] . It has been
shown that these non-orthogonal states become orthogonal in a modified Hilbert space endowed with a positive definite inner product associated with the PT-symmetric nonHermitian or pseudo-Hermitian systems. Alternatively these non-orthogonal states are allowed to evolve with a pseudo-Hermitian Hamiltonian in the usual Hilbert space to become orthogonal at some later time. However such a time evolution is obstructed by the possible existence of exceptional points in the non-Hermitian system [17] .
The model of spin 1/2 particle which interacts with simple harmonic oscillator in a pseudo-Hermitian manner is shown to be useful to discriminate two entangled states of type [17] , 
where ǫ is a very small quantity and | ψ 1 | ψ 2 | 2 ∼ = 1 − ǫ 2 . The positive definite metric operator q in Eq.(33) for this model which was useful to make the theory fully consistent, discriminate the above two non-orthogonal entangled states [17] . The positive definite metric operator associated with any non-Hermitian system can be used to discriminate states which differ slightly. 
